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What is an elliptic curve?



What is an elliptic curve?

Given a polynomial equation
f(x1,X2,..., %) =0

with integer coefficients (i.e., a
diophantine equation), we can ask
three basic questions:

@ Can we determine if there are
rational or integral solutions?

@ In the affirmative case, can we
find such a solution?

© Can we describe all such
solutions?
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Given a polynomial equation
f(x1,X%2,...,X) =0

with integer coefficients (i.e., a
diophantine equation), we can ask
three basic questions:

@ Can we determine if there are
rational or integral solutions?

@ In the affirmative case, can we
find such a solution?

© Can we describe all such
solutions?

© (Hilbert’s Tenth Problem over
7) Is there a Turing machine to
decide if f = 0 has solutions in
7?
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Given a polynomial equation
f(x1,X%2,...,X) =0

with integer coefficients (i.e., a
diophantine equation), we can ask
three basic questions:

@ Can we determine if there are
rational or integral solutions?

@ In the affirmative case, can we
find such a solution?

© Can we describe all such
solutions?

© (Hilbert’s Tenth Problem over
7) Is there a Turing machine to
decide if f = 0 has solutions in
Z.? (Davis, Matiyasevich,
Putnam, Robinson: No)



A gift from Martin Davis, the diophantine equation

9X%+7y2)2 —7(LP +7v3)>% =2




CZf(X1,X2) =0

When C is smooth (projective), of degree 3 (genus 1), we already lack
an algorithm that will determine whether there are any rational points
on C, or, if one exists, an algorithm that will determine all the rational
points on the curve C.
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Definition

An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.




C:f(X1,X2) =0

When C is smooth (projective), of degree 3 (genus 1), we already lack
an algorithm that will determine whether there are any rational points
on C, or, if one exists, an algorithm that will determine all the rational
points on the curve C.

Definition

An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.

@ Every elliptic curve has a (Weierstrass) model of the form
Y2 4+ aixy + azy = X° + apx® + agx + ag, for some a; € F.
@ We are interested in determining all F-rational points on E:

E(F)={(x0,¥) € E:Xx0,¥o€ FfU{O=[0:1:0]}.



CZf(X1,X2) =0

When C is smooth (projective), of degree 3 (genus 1), we already lack
an algorithm that will determine whether there are rational points on C,
or, if one exists, an algorithm that will determine all the rational points
on the curve C.

Definition

An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.

Let E/Q be the curve y? = x® + 13x — 34.




CZf(X1,X2) =0

When C is smooth (projective), of degree 3 (genus 1), we already lack
an algorithm that will determine whether there are rational points on C,
or, if one exists, an algorithm that will determine all the rational points
on the curve C.

Definition

An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.

Let E£/Q be the curve y? = x® + 13x — 34. Then:

E(@) = {07 (77 _20)7 (27 O)’ (77 20)}’

where O = [0 : 1 : 0], in projective coordinates.




Some examples of diophantine equations, or problems that are
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@ The congruent number problem (is n € N the area of a right
triangle with rational sides?) is connected to Y2 = X3 — n?X.



Some examples of diophantine equations, or problems that are
connected to elliptic curves:

@ Fermat’s last theorem was proved via the so-called Frey curve
Y2 = X(X — A")(X + B"), where A" + B" = C" .

@ The congruent number problem (is n € N the area of a right
triangle with rational sides?) is connected to Y2 = X3 — n?X.

@ The ABC conjecture is logically equivalent to specific upper
bounds on an integral solution (xg, yo) to Mordell’s equation
Y2 = X3 + k in terms of the parameter k.



Some examples of diophantine equations, or problems that are
connected to elliptic curves:

@ Fermat’s last theorem was proved via the so-called Frey curve
Y2 = X(X — A")(X + B"), where A" + B" = C" .

@ The congruent number problem (is n € N the area of a right
triangle with rational sides?) is connected to Y2 = X3 — n?X.

@ The ABC conjecture is logically equivalent to specific upper
bounds on an integral solution (xg, yo) to Mordell’s equation
Y2 = X3 + k in terms of the parameter k.

@ Hilbert’s Tenth Problem over a ring of integers of a number field
F can be shown to be undecidable if a well-known conjecture
(finiteness of Sha) holds for elliptic curves over F.



Definition
An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.

We are interested in determining all F-rational points on E:

E(F)={(x0,¥) € E: X0, o€ FfU{O=1[0:1:0]}.



Definition

An elliptic curve E over a field F is a projective smooth curve of genus
one, with at least one point defined over F.

We are interested in determining all F-rational points on E:

E(F)={(x0,¥) € E: X0, o€ FfU{O=1[0:1:0]}.

KEY FEATURE OF ELLIPTIC CURVES:

The set of F-rational points E(F) of an elliptic curve E/F can be
endowed with a group structure, defined geometrically (also
algebraically through groups of divisors).
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The elliptic curve E/Q : y? + xy + y = x3 + x?
has a point P = (0, 0) of order 4.



The curve E/Q : y? — y = x3 — x? has a point P = (0, 1) of order 5.



The elliptic curve E/Q : y? = x3 + 1 has a point P = (2, 3) of order 6.
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The elliptic curve 30030bt 1 has a point of order 12.

y2 + xy = x° — 749461x + 263897441.



Let E/Q be the curve y? = x® + 13x — 34. Then:

E(Q) ={0,(7,-20),(2,0),(7,20)} = Z/4Z,

where O = [0 : 1: 0], in projective coordinates.




Let E/Q be the curve y? = x® + 13x — 34. Then:

E(Q) ={0,(7,-20),(2,0),(7,20)} = Z/4Z,

where O = [0 : 1: 0], in projective coordinates.

Let £/Q(i) be the curve y? = x3 + 13x — 34.

N,




Let E/Q be the curve y? = x® + 13x — 34. Then:

E(Q) ={0,(7,-20),(2,0),(7,20)} = Z/4Z,

where O = [0 : 1: 0], in projective coordinates.

| A

Example
Let £/Q(i) be the curve y? = x® + 13x — 34. Then:

E(Q(i) = (1 + 2i,—2 — 6i), (—3,—10/)) = Z/AZ & Z,/AL.

N,




Louis Mordell
1888 — 1972

Theorem (Mordell, 1922)

Let E/Q be an elliptic curve. Then, the group of Q-rational points on E,
denoted by E(Q), is a finitely generated abelian group. In particular,

E(Q) = E(Q)ors ® Zere where E(Q)qors is a finite subgroup, and




Louis Mordell André Weil
1888 — 1972 1906 — 1998

Theorem (Mordell-Weil, 1928)

Let F be a number field, and let A/ F be an abelian variety. Then, the
group of F-rational points on A, denoted by A(F), is a finitely
generated abelian group. In particular, A(F) = A(F)iors © ZF4/F where
A(F)tors is a finite subgroup, and Ra/r > 0.
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Louis Mordell André Weil André Néron
1888 — 1972 1906 — 1998 1922 — 1985

Theorem (Mordell-Weil-Néron, 1952)

Let F be a field that is finitely generated over its prime field, and let
A/F be an abelian variety. Then, the group of F-rational points on A,
denoted by A(F), is a finitely generated abelian group. In particular,
A(F) = A(F)1ors ® ZF2F where A(F)1ors Is a finite subgroup, and
Ra/F > 0.
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points other than O. However, E3(Q) = ((3,5)) = Z.



The following are some examples of elliptic curves and their
Mordell-Weil groups:

@ Thecurve E;/Q : y? = x3 + 6 satisfies £1(Q) = {O}.
@ The curve E,/Q : y? = x3 + 1 has only 6 rational points:

E»(Q) = {0, (2, 43), (0, £1),(~1,0)} = Z/6Z.

© The curve E3/Q : y? = x3 — 2 does not have any rational torsion
points other than O. However, E3(Q) = ((3,5)) = Z.

@ The elliptic curve E4/Q : y? = x® + 7105x2 + 1327104 x features
both torsion and infinite order points. In fact, £4(Q) = Z/4Z & Z3.
The torsion subgroup is generated by the point of order 4
T = (1152,111744). The free part is generated by

P, = (—6912,6912), P, = (—5832, 188568), Py = (—5400, 206280).



Theorem (Mordell-Weil-Néron, 1952)

Let F be a field that is finitely generated over its prime field (e.g., a
global field), and let A/ F be an abelian variety. Then, the group of
F-rational points on A, denoted by A(F), is a finitely generated abelian
group. In particular, A(F) = A(F)rs ® ZF4/F where A(F)ors is a finite
subgroup, and Ry /r > 0.

... leads to ...



Theorem (Mordell-Weil-Néron, 1952)

Let F be a field that is finitely generated over its prime field (e.g., a
global field), and let A/ F be an abelian variety. Then, the group of
F-rational points on A, denoted by A(F), is a finitely generated abelian
group. In particular, A(F) = A(F)rs ® ZF4/F where A(F)ors is a finite
subgroup, and Ry /r > 0.

... leads to ...

Natural Question

What finitely generated abelian groups arise from abelian varieties
over global fields?

There are a number of ways to study this question, depending on what
we allow to vary.



Natural Question

What finitely generated abelian groups E(F) = E(F)iors ® Z7E/F arise
from elliptic curves over global fields?

Variations: Mordell-Weil groups of elliptic curves for a fixed field F

Fix a field F, and vary over 1-dimensional abelian varieties over F.

\\//

where E;,E», . . ., . is some family of (perhaps all) elliptic curves
over a fixed field F



Natural Question

What finitely generated abelian groups E(F) = E(F)iors ® Z7E/F arise
from elliptic curves over global fields?

Variations: Mordell-Weil groups for a fixed curve E/F and vary L/F

Fix an elliptic curve E/F, and vary over finite extensions of F.

E(L+) E(Lz) E(Lp)

E/F

where Ly, L, ..., L, ... is some family of (perhaps all) finite extensions
of the base field F, contained in some fixed algebraic closure F.



Natural Question
What finitely generated abelian groups E(F) =2 E(F)iors @ ZFe/F arise
from elliptic curves over global fields?

Variations: ranks in a family of elliptic curves over a fixed F

Re,/F Re,/F Re, /F

N

where E;, E», . . ., . is some family of (perhaps all) elliptic curves

over a fixed field F.



Natural Question
What finitely generated abelian groups E(F) = E(F)iors & ZFE/F arise
from elliptic curves over global fields?

Variations: ranks for a fixed curve E/F under field extensions L/F

RE/L1 RE/LQ R RE/Lk

E/F

where Ly, L, ..., L, ... is some family of (perhaps all) finite extensions
of a fixed field F, contained in some fixed algebraic closure F.



Natural Question
What finitely generated abelian groups E(F) = E(F)iors & ZFe/F arise
from elliptic curves over global fields?

Variations: torsion subgroups in a family of curves over a fixed F

E1 (F)tors EZ(F)tors Ek(F)tors

F

where Eq, E», ..., Ek, ... is some family of (perhaps all) elliptic curves
over a fixed field F.



Natural Question
What finitely generated abelian groups E(F) = E(F)ors ® ZFE/F arise
from elliptic curves over global fields?

Variations: torsion for a fixed curve E/F over extensions L/F

E(L1 )tors E(Lz)tors cee E(Lk)tors

E/F

where Ly, Lo, ..., Lk, ... is some family of (perhaps all) finite extensions
of a fixed field F, contained in some fixed algebraic closure F.



Variations: ranks of elliptic curves over Q

RE1/Q HEQ/Q 7
Q
where Eq, Eo, ..., Eg, ... is a family of elliptic curves over Q:

@ All elliptic curves over Q.

@ Family of quadratic twists of a given curve: y? = x3 + Ad?x + Bd®,
for fixed A, B € Q, and any d # 0.

@ Other 1-parameter families of elliptic curves.



Variations: ranks of elliptic curves over Q

RE1/Q REZ/Q 7
Q
where Eq, Eo, ..., Eg, ... is a family of elliptic curves over Q:

@ All elliptic curves over Q.

@ Family of quadratic twists of a given curve: y? = x3 + Ad?x + Bd®,
for fixed A, B € Q, and any d # 0.

@ Other 1-parameter families of elliptic curves.

Open Problem

What values can Rg/q take? In particular, can Ag q be arbitrarily
large, or is it uniformly bounded?




Elkies’ elliptic curve of rank > 28

y2+xy +y=x3 - x? - (2006776241557552658503320820933854
2750930230312178956502)x + (3448161179503055646703298569
0390720374855944359319180361266008296291939448732243429)

Independent points of infinite order:

Py =[—2124150091254381073292137463,
259854492051899599030515511070780628911531]

P, =[2334509866034701756884754537,
18872004195494469180868316552803627931531]

P; =[—-1671736054062369063879038663,
251709377261144287808506947241319126049131]

\ g _/f
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Noamr Elkies



Elkies’ elliptic curve of rank > 28

P4 =[2139130260139156666492982137,
36639509171439729202421459692941297527531]
Ps =[1534706764467120723885477337,
85429585346017694289021032862781072799531]
Ps =[—2731079487875677033341575063,
262521815484332191641284072623902143387531]
P7; =[2775726266844571649705458537,
12845755474014060248869487699082640369931]
Ps =[1494385729327188957541833817,
88486605527733405986116494514049233411451]
Py =[1868438228620887358509065257,
59237403214437708712725140393059358589131]
P10 =[2008945108825743774866542537,
47690677880125552882151750781541424711531]
P11 =[2348360540918025169651632937,
17492930006200557857340332476448804363531]



Elkies’ elliptic curve of rank > 28

P12 = [-1472084007090481174470008663, 246643450653503714199947441549759798469131]
P13 =[2924128607708061213363288937, 28350264431488878501488356474767375899531]
P14 =[5374993891066061893293934537, 286188908427263386451175031916479893731531]
P15 = [1709690768233354523334008557, 71898834974686089466159700529215980921631]
P16 = [2450954011353593144072595187, 4445228173532634357049262550610714736531]
P17 = [2969254709273559167464674937, 32766893075366270801333682543160469687531]
P18 = [2711914934941692601332882937, 2068436612778381698650413981506590613531]
P19 = [20078586077996854528778328937, 2779608541137806604656051725624624030091531]
P20 = [2158082450240734774317810697, 34994373401964026809969662241800901254731]
P21 =[2004645458247059022403224937, 48049329780704645522439866999888475467531]
P22 = [2975749450947996264947091337, 33398989826075322320208934410104857869131]
P23 =[-2102490467686285150147347863, 259576391459875789571677393171687203227531]
P24 =[311583179915063034902194537, 168104385229980603540109472915660153473931]
P25 = [2773931008341865231443771817, 12632162834649921002414116273769275813451]
P26 = [2156581188143768409363461387, 35125092964022908897004150516375178087331]
P27 = [3866330499872412508815659137, 121197755655944226293036926715025847322531]
P28 = [2230868289773576023778678737, 28558760030597485663387020600768640028531]
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There has been much progress in recent years in the classification of
torsion subgroups. Torsion subgroups have attracted a lot of attention!



So what about torsion subgroups?

There has been much progress in recent years in the classification of
torsion subgroups. Torsion subgroups have attracted a lot of attention!




Elliptic curves over C (image courtesy of Karl Rubin)




Elliptic curves over C: complex plane modulo a lattice

K
D

A lattice A c C.



4i

3i

2i

A fundamental domain for the quotient C/A.



3i

2i

2-torsion points on E(C) = C/A. Clearly E[2] =2 Z /27 & Z/2Z.



3i

2i

3-torsion points on E(C) = C/A. Clearly E[3] = Z/3Z & Z/3Z.



Torsion subgroups of elliptic curves

Let F be a number field, and let E/F be an elliptic curve. Let
Eln|={Pc E(F):nP =0}

be the n-torsion subgroup of E(F).



Torsion subgroups of elliptic curves

Let F be a number field, and let E/F be an elliptic curve. Let

E[n|={Pe€ E(F) :nP=0}
be the n-torsion subgroup of E(F). Then, it is easy to show that
Eln|=Z/nZ & Z/nZ.

In particular, there are some a, b > 1, such that

|E(F)uors = Z/alL & 7./ abZ,




Torsion subgroups of elliptic curves over Q

E1 (Q)tors EZ(Q)tors e Ek(@)tors

N



Torsion subgroups of elliptic curves over Q

E1 (Q)tors E2(@)tors e Ek(@)tors

N

Barry Mazur

Theorem (Levi-Ogg Conjecture; Mazur, 1977)

Let E/Q be an elliptic curve. Then

E ~
(Qors {Z/ZZ ®7Z/2MZ  with1 < M < 4.

Z/MZ with1 <M <10orM =12, or

Moreover, each possible group appears infinitely many times.




All elliptic curves with given torsion

Define E(a,b) : y2 + (1 — a)xy — by = x® — bx®.
b

E/Q a G < E(Qiors
E(O,b) a=0 =t L/AL
E(a, a) a=t b=t Z/5%
E(a,b) a=t b=t+ 7./6Z
E(a,b) a=1—t b=1t— 12 Z./7%
E(a,b) a= &1 b= (2t —1)(t— 1) Z/8L
E(a,b) a=1(t—1) b=t —1)(—t+1) 7./9Z
E(a,b) a=1t(t—1)2t— 1)/ —3t+1) b=t —1)2t—1)/(® —3t+1)° Z/10Z
E(ab) a= %ﬁf;*f“) b— r(2r71)(212?{2;r1+)2(3r27ar+1) /122
E(0,6) a=0 b=t —1/16 Z./27 X T./AZ
E(a,b) a=(10—20)/( —9) b= —2(t— 1)3(t—5)/(2 — 9)2 Z./27. X Z/6Z
E(a, b) = @u)ERiar) p— CHNEELAT) %/27 X T./8L

2(41+1)(82 —1)t

(82 —1)2




Torsion subgroups of elliptic curves over Fq(T)
Fix a prime p, let g = p”, and K =TF4(T).

Eq (]Fq( T))tors E> (]Fq( T))tors e Ex (Fq( T))tors



Torsion subgroups of elliptic curves over Fq(T)
Fix a prime p, let g = p”, and K =TF4(T).

Eq (]Fq( T))tors E> (Fq( T))tors <o Ex (Fq( T))tors




Building on work of Cox and Parry (1980), and Levin (1968):

Theorem (McDonald, 2017)

Let K =TF4(T) for q a power of p. Let E/K be non-isotrivial.

Ifpt E(K)ors, then E(K)ors IS one of

0, Z/2Z, Z/3Z, ..., Z/10Z, Z/12Z,
(Z/27)?, Z/AZ x 7./2Z, 7./67 x Z/27Z, 7/8Z x Z./2Z,
(Z/37)?, 7./6Z x Z./3Z, (Z/4Z)?, (Z/5Z)3.

Ifp| #E(K)wors, then p < 11, and E(K ) is one of

7] pZ
7/2pZ
Z/3pZ

Z/ApZ,7/5pZ,

7/12Z,7./14Z,7,/18Z

7.)10Z x Z./57Z.
7127 x 7./27.
7./10Z x 7.,/27.




Characteristic E,p:y?+(1—axy—by=x*—bx*, fc K G

p=11 g= L2LElL0 b=altlrs VARV

p=2 a:gfﬂ)i b:afﬁgﬁ 7147

p=7 a= (M)f((f;z))z((fat))(ﬂe) b= a”ﬂ?ﬁiéf)s

b=s s lhy pmatg
pos  a-lmintn sl

p=2 a:% b:agﬁﬁ 7187

p=5 a= MR g z/102 x 2/22
p=3, (sek a=lHNEACLD g L Z/12Z x 2,/2Z
p=2 Gek a="THNELE b=a G 7102 x2/57,

Table: families of elliptic curves such that G C E; »(K)ors-



Torsion subgroups of elliptic curves over quad. field K

E1(K tors EZ(K)tors Ek(K tors

~\



Torsion subgroups of elliptic curves over quad. field K

tors tors Ek(K tors

N\

Theorem (Najman, 2011)

Filip Najman

Let E/Q(i) be an elliptic curve. Then

Z/MZ with1 <M <10orM =12, or
E(Q(N))tors > Z/2Z ® Z./2MZ with1 < M < 4, or
Z/AZ © 7./AZ.

Moreover, each torsion subgroup occurs infinitely many times.




Torsion subgroups of elliptic curves over quad. fields K

E1 (K)tors tors tors . Ek(K,)tors

/N




Torsion subgroups of elliptic curves over quad. fields K

E1 (K)tors tors tors (K,)tors

VAN

Theorem (Kenku and Momose, 1988; Kamienny, 1992)

Let K/Q be a quadratic field and let E /K be an elliptic curve. Then

Z/MZ with1 <M <16 or M =18, or
7]2Z. ®Z/2MZ with1 < M < 6, or
Z/3Z®Z/3MZ withM =1 or2, or

Z/AZ @ 7./AL.

E(K)tors =

Moreover, each torsion subgroup occurs infinitely many times.




Torsion subgroups of elliptic curves over quad. fields K

=

Monsur Kenku Fumiyuki Momose Sheldon Kamienny

Theorem (Kenku and Momose, 1988; Kamienny, 1992)

Let K/Q be a quadratic field and let E/K be an elliptic curve. Then

Z/MZ with1 <M <16 or M =18, or
7/27.® 7.J2MZ  with1 < M < 6, or
Z/3Z®Z/3MZ withM =1 or2, or
Z/AZ & 7./47Z.

E(K)tors =

Moreover, each torsion subgroup occurs infinitely many times.




Example: a point of order 13 (due to Markus Reichert)

Let K = Q(+/17). The elliptic curve E/K defined by

y2 = x3 4+ (411864 + 99560V/17)x + (211240640 — 512264321/17)
has a point

P = (—474 + 118V/17,-9088 + 2176V/17)

of exact order 13.




Example: a point of order 13 (due to Markus Reichert)

Let K = Q(v/17). The elliptic curve E/K defined by

y2 = x3 + (—411864 + 99560V/17)x + (211240640 — 51226432/17)

has a point

P = (—474 + 118V/17,-9088 + 2176V/17)

of exact order 13.

(Hey! That curve is defined over R, so we can draw it!)



Example: a point of order 13 (due to Markus Reichert)

y? = x3 + (—411864 + 99560+/17)x + (211240640 — 51226432./17)



Example: a point of order 13 (due to Markus Reichert)

y? = x3 + (—411864 + 99560/17)x + (211240640 — 51226432./17)



Example: Another point of order 13

Example
Let E be the elliptic curve defined by

Y2+ y=x3+x%—114x + 473.

Then, E has a torsion point of order 13 defined over K/Q, a cubic
Galois extension, where K = Q(«) and

a® — 4802 + 4250 — 1009 = 0.

The point P of order 13 is (o, 7ac — 39).




Example: Another point of order 13

Example
Let E be the elliptic curve defined by

Y2+ y=x3+x%—114x + 473.

Then, E has a torsion point of order 13 defined over K/Q, a cubic
Galois extension, where K = Q(«) and

a® — 4802 + 4250 — 1009 = 0.

The point P of order 13 is (o, 7ac — 39).

(Hey! That field has three real embeddings, so we can draw the points!
... Added to to-do list.)



Torsion subgroups of elliptic curves over cubic fields

E; (F)tors tors tors (F )tors

VAN




Torsion subgroups of elliptic curves over cubic fields

E1(F)tOI’S tOI’S tOI’S (F,)IOI’S

VAN

Theorem (Jeon, Kim, Schweizer, 2004)

Let F be a cubic number field, and let E be an elliptic curve defined over F.
The groups that appear as torsion subgroups for infinitely many
non-isomorphic elliptic curves E/F are precisely:

7/ mZ with1 <m<20,m=+#17,19, or
z/2Zae7Z/2mZ  with1 <m<7.
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Daeyeol Chang Heon Andreas
Jeon Kim Schweizer

Theorem (Jeon, Kim, Schweizer, 2004)

Let F be a cubic number field, and let E be an elliptic curve defined
over F. The groups that appear as torsion subgroups for infinitely
many non-isomorphic elliptic curves E/F are precisely:

7/ mZ with1 < m<20,m#17,19, or
2)2Z®7/2mZ with1 <m<7.

Warning! These are not all the possible groups!
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Daeyeol Chang Heon Andreas
Jeon Kim Schweizer

Theorem (Jeon, Kim, Schweizer, 2004)

Let F be a cubic number field, and let E be an elliptic curve defined
over F. The groups that appear as torsion subgroups for infinitely
many non-isomorphic elliptic curves E/F are precisely:

7/ mZ with1 < m<20,m#17,19, or
2)2Z®7/2mZ with1 <m<7.

Warning! These are not all the possible groups! Najman has shown
that for E : 162B1/Q and F = Q(¢g)™ we have E(F)iors =2 Z/217.



Anastasia Jackson David Marteen
Etropolski Morrow Zureick-Brown Derickx

Theorem (Etropolski-Morrow—Z-B., and Derickx, 2016)

Let F be a cubic number field, and let E be an elliptic curve defined

over F. The groups that appear as torsion subgroups of E(F) are
precisely:

Z/mZ with1 <m<21,m+#17,19, or
ZJ2Z & Z/2mZ with1 < m<7.




Quartic, Quintic, Sextic, and beyond

Daeyeol Jeon Chang Heon Kim Euisung Park
Theorem (Jeon, Kim, Park, 2006)

Let F be a quartic number field, and let E be an elliptic curve defined
over F. The groups that appear as torsion subgroups for infinitely
many non-isomorphic elliptic curves E/F are precisely:

Z/mZ with1 < m<24 m=+#19,23, or
ZJ2Z & Z/2mZ with1 <m<9, or
Z)3ZDZ/3mZ with1 <m<3, or

7.)AZ & 747, 7./AT. & 7./87, 7./57. & 7./5Z., or Z./6Z & Z./6Z.




Quartic, Quintic, Sextic, and beyond

Marteen Derickx Drew Sutherland
Theorem (Derickx, Sutherland, 2016)

Let F be a quintic number field, and let E be an elliptic curve defined
over F. The groups that appear as torsion subgroups for infinitely
many non-isomorphic elliptic curves E/F are precisely:

7/ mZ with1 < m <25 ,m+# 23, or
Z)2Z & Z/2mZ with1 < m < 8.




PSS

Maarten Derickx (and L-R.)

Theorem (Derickx, Sutherland, 2016)

Let F be a sextic number field, and let E be an elliptic curve defined
over F. The groups that appear as torsion subgroups for infinitely
many non-isomorphic elliptic curves E/F are precisely:

Z/mZ with1 < m < 30, m # 23,25,29 or
ZJ2Z & Z/2mZ with1 < m <10, or
Z/3Z&Z/3mZ with1 <m<4, or

7.)AZ & 7.AZ, 7./AZ. & 7./8Z, or Z,/67. & Z./6L.



A special case: elliptic curves with CM

Let F be a number field, and let E/F be an elliptic curve with CM.



A special case: elliptic curves with CM

Let F be a number field, and let E/F be an elliptic curve with CM.

Patrick
Corn

James
Stankewicz

Theorem (Clark, Corn, Rice, Stankewicz, 2013)

Let F be a number field of degree 1 < d < 13, and let E/F be an
elliptic curve with CM. Then, the complete list of possible torsion
subgroups E(F)rs is given, and an algorithm to compute the list for
d>1.




A special case: elliptic curves with CM

Let F be a number field, and let E/F be an elliptic curve with CM.

Theorem (Clark, Corn, Rice, Stankewicz, 2013)

Let F be a number field of degree 1 < d < 13, and let E/F be an
elliptic curve with CM. Then, the complete list of possible torsion
subgroups E(F)iors is given.

For example, over Q: {O},Z/27,7/3Z,Z/47,7/6Z,7]27 & 7/ 2.

Over quadratics, not over Q:
7.)77,7./10Z,7./27. & 7./]47., 7./27. & 7./8Z, 7./ 37. & 7./ 3.

Over quartics, besides quadratics and Q:
7/57.,7./8Z,7./127,7/13Z,7./21Z,7.] 27 & 7./ 8Z,
7/27 & ZJ10Z,Z/47 ® 7./AZ,7)37 & 7 /6Z.



A special case: elliptic curves with CM

—
-

Abbey Bourdon Pet Clark

Theorem (Bourdon, Clark, 2017)

Let K be quad. imaginary, let K C F be a number field, let E/F be an
elliptic curve with CM by an order © C K, and let N > 2. There is an
explicit constant T(O, N) such that if there is a point of order N in
E(F)tors, then T(O, N) divides [F : K(j(E))]. Moreover, this bound is
best possible.

See also Davide Lombardo’s work on torsion bounds for abelian
varieties with CM.



A simpler case: base extension of E/Q

Let E/Q be an elliptic curve, and let F/Q be a finite extension. Then,
E(Q)tors - E(F)tors-

Variations: torsion for a fixed curve E/Q over extensions F/Q

E(F1 )tors E(FZ)tors cee E(Fk)tors

E/Q

where Fq, F», ..., Fk, ... is some family of (perhaps all) finite
extensions of Q, contained in some fixed algebraic closure Q.



A simpler case: base extension of E/Q

Theorem (L-R., 2011)

Let S@(d) be the set of primes such that there is an elliptic curve E/Q
with a point of order p defined in an extension F/Q of degree < d.
Then:

08(1@d

(d)=1{2,8,5,7} ford =1 and 2;

o S)(d)=1{2,8,5,7,13} ford =3 and 4;

o Sl(d)={2,8,5,7,11,13} ford = 5,6, and 7;

° S!(d) ={2.3,5.7.11,13,17} ford = 8;
(d)
(d)
(d)

o S}(d) =1{2,3,5,7,11,13,17,19} ford = 9, 10, and 11;
o S}(d) ={2,3,5,7,11,13,17,19,37} for 12 < d < 20.
o S}(d) =1{2,3,5,7,11,13,17,19,37,43} ford = 21.




A simpler case: base extension of E/Q

Theorem (L-R., 2011)

Let S@(d) be the set of primes such that there is an elliptic curve E/Q
with a point of order p defined in an extension F/Q of degree < d.
Then:

o S)(d)=1{2,8,5,7} ford =1 and 2;

o S)(d)=1{2,8,5,7,13} ford =3 and 4;

o S)(d)=1{2,8,5,7,11,13} ford = 5,6, and 7;

o Si(d)=1{2,3,5,7,11,13,17} ford = 8;

o S}(d) = {2,3,5,7,11,13,17,19} ford = 9, 10, and 11;
o Si(d) = {2,3,5,7,11,13,17,19,37} for 12 < d < 20.
o Si(d)={2,3,5,7,11,13,17,19,37,43} ford = 21.

Moreover, there is a conjectural formula for S@( d) for all d > 1, which
is valid for all 1 < d < 42, and would follow from a positive answer to
Serre’s uniformity question.




Base extension of E/Q to a quadratic field

Filip Najman

Theorem (Najman, 2015)

Let E/Q be an elliptic curve and let F be a quadratic number field.
Then

Z/MZ with1 <M <10orM =12,15,16, or
7)27. ®7Z/2MZ with1 < M <6, or

7./3Z. ® Z/3MZ with1 < M <2 and F = Q(~/-3), or
VALY REYNLYA with F = Q(v/—1).

E(F)tors =




Base extension of E/Q to a cubic field

Let E/Q be an elliptic curve, and let K/Q be a finite extension. Then,
E(Q)tors g E(K)tOI’S-

Theorem (Najman, 2015)

Let E/Q be an elliptic curve and let F be a cubic number field. Then

Z/MZ with1 < M < 10 or 12,13, 14, 18,21, or

E ( F )tors = i
7)22.&7/2MZ  with1 <M <4orM=7.

Moreover, the elliptic curve 162B1 over Q((g)™ is the unique rational

elliptic curve over a cubic field with torsion subgroup isomorphic to

Z)21Z. For all other groups T listed above there are infinitely many

Q-isomorphism classes of elliptic curves E /Q for which E(F) ~ T for
some cubic field F.




Base extension of E/Q to a quartic field

. (d
_ A
Michael Chou (and L-R.)

Theorem (Chou, 2015)

Let E/Q be an elliptic curve and let F be a Galois quartic field F with
Gal(F/Q)=Z/AZ orZ/2Z & Z/2Z. Then

7./ MZ with1 < M < 16 but M # 11,14 or
E(F)ors ~ < Z/2Z & 7Z/2MZ with1 < M <6, or M = 8,
Z)3L®Z/3MZ with1 <M <2or

747 @ 7./AZ, 7./AZ & 7.)87, 7./57. & 7./5Z, or /67 & 7.,/67.



Base extension of E/Q to a quartic field

Enrique Gonzalez-Jiménez (and L-R.)

Theorem (Gonzélez-Jiménez, L-R., 2016)

We give a complete classification of torsion subgroups that appear
infinitely often for elliptic curves over Q base-extended to a quartic
number field.

Warning! The torsion group Z/157Z appears infinitely often for curves
defined over quartic fields F, but if E/Q and E(F)rs = Z/15Z, then
J(E) € {~5%/2,-52.2413/23 _5.293 /25 5.2113 215},



Base extension of E/Q to a quartic field

Enrigue Gonzélez-Jiménez Filip Najman

Theorem (Gonzalez-Jiménez, Najman, 2016)

Let E/Q be an elliptic curve and let F be a quartic field. Then

Z/MZ with1 < M < 10 or12,13,15, 16,20, 24
E(F)ors ¥ Z/2Z ®Z/2MZ with1 < M <6, or8,
Z)3Z®Z/3MZ with1 <M <2or

747 & 747, 7./AZ. & 7./8Z, 7./57. & 7./5Z, or Z./6Z & Z./6Z.




Base extension of E/Q to a quartic field

Enrique Gonzéalez-Jiménez Filip Najman

Further, they determine all the possible prime orders of a point
P € E(F)tors, Where [F : Q] = d for all d < 3342296.



Base extension of E/Q to an infinite extension

Let E/Q be an elliptic curve, and let F/Q be an infinite algebraic

extension. Then, E(Q)iors € E(F)iors- But, E(F)tors may no longer be
finite!



Base extension of E/Q to an infinite extension

Let E/Q be an elliptic curve, and let F/Q be an infinite algebraic
extension. Then, E(Q)iors € E(F)iors- But, E(F)tors may no longer be
finite! Let F{ C F, C ... C F4x C ... be a tower of finite extensions of Q.

Variations: torsion for a fixed curve E/Q over extensions F;/Q

E(Fk)tors

/

F2 tors

e

(F 1 )tors

\

E/Q



Base extension of E/Q to an infinite extension

Michael Laska Martin Lorenz Yasutsugu Fujita
Theorem (Laska, Lorenz, 1985; Fuijita, 2005)

Let E/Q be an elliptic curve and let Q(2*°) := Q({v/m: m € Z}). The
torsion subgroup E(Q(2°))wrs IS finite, and

( 7./ MZ withM € 1,3,5,7,9,15, or
Z)2Z®Z/2MZ  with1 <M <6 orM=8, or
E(Q(2%°))tors >~ § Z./3Z ® Z/3Z or

7Z)AZ ©7/4MZ with1 <M <4, or
\Z/2MZ © Z./]2MZ  with3 < M < 4.




4

Ozlem Ejder

Theorem (Ejder, 2017)

Let K = Q(i), orQ(v/—3), let E/K be an elliptic curve and let F be the
maximal elementary 2-abelian extension of K. Then,

Z]2Z ®Z)2MZ with2 <M <6 orM =38, or
E(F)iors = ZJAZ & Z./JAMZ with2 < M < 4, or
Z/MZ & Z/MZ  withM =2,3,4,6, or 8,

ifK =Q(i), and if K = Q(v/—3), thenZ/27Z & 7Z/32Z is also possible.

y




7y

T F

Harris Danlels L-R.) (L-R. and) Fiiip Najman Drew Sutherland
Theorem (Daniels, L-R., Najman, Sutherland, 2017)

Let E/Q be an elliptic curve, and let Q(3*°) be the compositum of all
cubic fields. The torsion subgroup E(Q(3°))ors is finite, and

7)27. & 7/2MZ  withM =1,2,4,5,7.8,13, or
ZJAZ®LIAMZ  withM =1,2,4,7, or
7/6Z®Z/6MZ  withM =1,2,3,5,7, or
7)2MZ & 7.J2MZ  with M = 4,6,7,9.

E(@(Soo))tors =

All but 4 of the torsion subgroups occur infinitely often.




Base extension of E/Q to an infinite extension

New results of classification of torsion subgroups of E/Q after
base-extension to infinite extensions:

@ Daniels: classification of torsion over Q(Dy°).
o Daniels, Derickx, Hatley: classification of torsion over Q(A3°).

Jeffrey Hatley



Base extension of E/Q to an infinite abelian extension

o

Ken Ribet, (L-R.) and Michael Chou

Theorem (Ribet, 1981)

Let A/Q be an abelian variety and let Q2 be the maximal abelian
extension of Q. Then, A(Q%) s is finite.




Base extension of E/Q to an infinite abelian extension

Theorem (Gonzélez-Jiménez, L-R., 2015)

Let E/Q be an elliptic curve. If there is an integer n > 2 such that
Q(E[n]) = Q(¢n), thenn=2,3,4, or5.




Base extension of E/Q to an infinite abelian extension

Theorem (Gonzélez-Jiménez, L-R., 2015)

Let E/Q be an elliptic curve. If there is an integer n > 2 such that
Q(E[n]) = Q(¢n), thenn = 2,3,4, or 5. More generally, if Q(E[n])/Q is
abelian, thenn =2,3,4,5,6, or 8.




Base extension of E/Q to an infinite abelian extension

Theorem (Gonzélez-Jiménez, L-R., 2015)

Let E/Q be an elliptic curve. If there is an integer n > 2 such that
Q(E[n]) = Q(¢n), thenn=2,3,4, or5. More generally, if Q(E[n])/Q is
abelian, thenn = 2,3,4,5,6, or 8. Moreover, G, = Gal(Q(E[n])/Q) is

isomorphic to one of the following groups:

n 2 3 4 5 6 8
{0y | z/2z | z/2z ALY/ (z/27.)2 | (z/22)*
G || 2/22 | (/22 | (2/22) | 2/2Z x Z/4Z | (Z/22)° | (Z/22)°
"\ z/3Z (z/2z2)3 (Z/AZ)? (2/27.)®
(z/2z)*

Furthermore, each possible Galois group occurs for infinitely many

distinct j-invariants.




Base extension of E/Q to an infinite abelian extension

il

Ken Ribet, (L-R.) and Michael Chou

Theorem (Chou, 2018)

Let E/Q be an elliptic curve and let Q2 be the maximal abelian
extension of Q. Then, #E(Q®)rs < 163. This bound is sharp, as the
curve 26569a1 has a point of order 163 over Q2. Moreover, a full
classification of the possible torsion subgroups is given.




The Uniform Boundedness Conjecture

Variations: fix a degree d, and vary elliptic curves E over F of deg. d.

E1(F)tors tors F)tors s Ek(F/)tors

N




The Uniform Boundedness Conjecture

Variations: fix a degree d, and vary elliptic curves E over F of deg. d.

E1(F)tors tors F)tors s Ek(F/)tors

N

Theorem (Merel, 1996)

Let F be a number field of degree [F : Q] = d > 1. Then,

there is a number B(d) > 0 such that |E(F)rs| < B(d)
for all elliptic curves E/F.

Loic Merel



The Uniform Boundedness Conjecture Theorem

Theorem (Merel, 1996)

Let F be a number field of degree [F : Q] = d > 1. There is a number
B(d) > 0 such that |E(F)irs| < B(d) for all elliptic curves E/F.




The Uniform Boundedness Conjecture Theorem

Theorem (Merel, 1996)

Let F be a number field of degree [F : Q] = d > 1. There is a number
B(d) > 0 such that |E(F)irs| < B(d) for all elliptic curves E/F.

For instance, B(1) = 16, and B(2) = 24.



The Uniform Boundedness Conjecture Theorem

Theorem (Merel, 1996)

Let F be a number field of degree [F : Q] = d > 1. There is a number
B(d) > 0 such that |E(F)irs| < B(d) for all elliptic curves E/F.

For instance, B(1) = 16, and B(2) = 24.

Folklore Conjecture (As seen in Clark, Cook, Stankewicz)

There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.




Folklore Conjecture

There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.




Folklore Conjecture

There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.

N

Theorem (Hindry, Silverman, 1999)

Let F be a field of degree d > 2, and let E/F be an elliptic curve such
that j(E) is an algebraic integer. Then, we have

|E(F)tors| < 1977408 - d - log d.




Folklore Conjecture

There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.

A\

Theorem (Clark, Pollack, 2015)

There is an absolute, effective constant C such that for all number
fields F of degree d > 3 and all elliptic curves E/F with CM, we have

|E(F)tors| < C-d-loglogd.




Folklore Conjecture

There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.




Folklore Conjecture
There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.

Assuming the conjecture, if F/Q is of degree d > 3, and E(F)iors
contains a point of order p”, for some prime p, and n > 1, then

p" < |E(F)ors| < B(d) < C-dloglogd.



Folklore Conjecture
There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.

Assuming the conjecture, if F/Q is of degree d > 3, and E(F)iors
contains a point of order p”, for some prime p, and n > 1, then

p" < |E(F)ors| < B(d) < C-dloglogd.

Let F be a number field of degree [F : Q] =d > 1. IfP € E(F) isa
point of exact prime power order p", then

Q@ (Merel, 1996) p < d3%.




Folklore Conjecture
There is a constant C > 0 such that

B(d) < C-d-loglogd forall d> 3.

Assuming the conjecture, if F/Q is of degree d > 3, and E(F)iors
contains a point of order p”, for some prime p, and n > 1, then

p" < |E(F)ors| < B(d) < C-dloglogd.

Let F be a number field of degree [F : Q] =d > 1. IfP € E(F) isa
point of exact prime power order p", then

@ (Merel, 1996) p < a3,

@ (Parent, 1999) p" < 129(59 — 1)(3d)8.




Definition
Let p be a prime, and let F/L be an extension of number fields. We
define emax(p, F/L) as the largest ramification index e(3|¢) for a prime

P of Of over a prime p of O, lying above the rational prime p.




Definition

Let p be a prime, and let F/L be an extension of number fields. We
define emax(p, F/L) as the largest ramification index e(*§3| ) for a prime
B of OF over a prime g of O, lying above the rational prime p.

Theorem (L-R., 2013)

Let F be a number field with degree [F : Q] = d > 1, and suppose
there is an elliptic curve E/F with CM by a full order, with a point of
order p". Then,

So(pn) <24 - emax(p, F/Q) < 24d.




Definition

Let p be a prime, and let F/L be an extension of number fields. We
define emax(p, F/L) as the largest ramification index e(*§3| ) for a prime
B of OF over a prime g of O, lying above the rational prime p.

Theorem (L-R., 2013)

Let F be a number field with degree [F : Q] = d > 1, and suppose
there is an elliptic curve E/F with CM by a full order, with a point of
order p". Then,

So(pn) <24 - emax(p, F/Q) < 24d.

Note! The ramification index emax(p, F/Q) = 1 for all but finitely many
primes p, for a fixed field F.




We define emax(p, F/L) as the largest ramification index e(33|p) for a
prime B of O over a prime p of O, lying above the rational prime p.

Theorem (L-R., 2013)

Let F be a number field with degree [F : Q] = d > 1, and suppose
there is an elliptic curve E/F with CM by a full order, with a point of
order p". Then,

o(P") < 24 - emax(p, F/Q) < 24d.

A\




We define emax(p, F/L) as the largest ramification index e(*33|p) for a
prime B of Of over a prime p of O, lying above the rational prime p.

Theorem (L-R., 2013)

Let F be a number field with degree [F : Q] = d > 1, and suppose
there is an elliptic curve E/F with CM by a full order, with a point of
order p". Then,

90(:0”) <24 - emax(p, F/Q) < 24d.

Theorem (L-R., 2014)

Let F be a number field with degree [F : Q] = d > 1, and let p be a
prime such that there is an elliptic curve E/F with a point of order p".
Suppose that F has a prime i3 over p such that E/F has potential
good supersingular reduction at 3. Then,

p(p") < 24e(P|p) < 24emax(p, F/Q) < 24d.




Theorem (L-R., 2014)

Let F be a number field with degree [F : Q] = d > 1, and let p be a
prime such that there is an elliptic curve E/F with a point of order p".
Suppose that F has a prime 3 over p such that E/F has potential
good supersingular reduction at‘g3. Then,

#(p") < 246(%|p) < 24emax(p, F/Q) < 24d.

Note: Hanson Smith has shown an improved version of this theorem in
the case of good supersingular reduction, showing that o(p") < d.

V.

Hanson Smith



There is C > 0 s.t. if there is a point of order p” in E(F) for some E/F
with [F : Q] < d, then

@(p") < C - emax(p, F/Q) < C - d.




Variations: torsion subgroups under field extensions

E(L1 )tors E(Lz)tors cee E(Lk)tors

E/F

where Ly, Lo, ..., Lk, ... is some family of (perhaps all) finite extensions
of a fixed field F.



Theorem (L-R., 2013)

If p > 2 and there is an elliptic curve E/Q with a point of order p"
defined in an extension L/Q of degree d > 2, then




Theorem (L-R., 2013)

If p > 2 and there is an elliptic curve E/Q with a point of order p"
defined in an extension L/Q of degree d > 2, then

Theorem (L-R., 2013)

Let F be a number field, and let p > 2 be a prime such that there is an
elliptic curve E/ F with a point of order p" defined in an extension L of
F, with[L: Q] = d > 2. Then, there is a constant Cr such that

p(p") < Cr - emax(p, L/Q) < CF - d.




Theorem (L-R., 2013)

If p > 2 and there is an elliptic curve E/Q with a point of order p"
defined in an extension L/Q of degree d > 2, then

Theorem (L-R., 2013)

Let F be a number field, and let p > 2 be a prime such that there is an
elliptic curve E/ F with a point of order p" defined in an extension L of
F, with[L: Q] = d > 2. Then, there is a constant Cr such that

p(p") < Cr - emax(p, L/Q) < CF - d.

Moreover, there is a computable finite set X g such that if p" is as
above and j(E) ¢ X, then

o(p") < 588 - emax(p, L/Q) < 588 - d.




THANK YOU

alvaro.lozano-robledo@uconn.edu

“If by chance | have omitted anything
more or less proper or necessary,
| beg forgiveness,
since there is no one who is without fault
and circumspect in all matters.”

Leonardo Pisano (Fibonacci), Liber Abaci.

Alvaro Lozano-Robledo (UConn) Torsion Union College, Sep 29th



David Zywina

Theorem (Hindry—Ratazzi conjecture; Zywina, 2017)

Let A be a nonzero abelian variety over a number field F for which the
Mumford-Tate conjecture holds. Let A/C ~ [/, AT such that each A,
is simple and pairwise non-isogenous, and define A; =[], A,’."" for any
subset | C {1,...,n}. Let Ga, be the Mumford-Tate group of A;. Define
YA = Maxcqy,..m 2dim A;/dimGp,. Then, ya is the smallest real value
such that for any finite extension L/K and real number ¢ > 0, we have

#A(L)tors <C- [L : K]7A+€7

where C is a constant that depends only on A and ¢.




